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According to a well-known result of S. N. Bernstein, e* can be approximated
uniformly on [—1, 1] by polynomials of degree < n with an error of the order
[2%(n 4+ D!} In this note it is shown that the smallest (uniform norm) error
in approximating e® by reciprocals of polynomials of degree < n is also of the
order [2°(n + 1)!]-'. We denote throughout by P,(x), Q.(x) real polynomials
of degree < n. We show, furthermore, that the smallest error in approximating
¢® by rational functions of the form P,(x)/Q.(x) where the coefficients of Q, are
> 0 is again of that same order.

INTRODUCTION

It is known that the smallest uniform error obtained in approximating
e® on [—1, 1] by polynomials of degree < n is of the order [2*(n + 1)!]-L.

If one analyzes this result carefully, then the following questions arise
naturally.

Q.1. How close can one approximate ¢ on [—1, 1] by reciprocals of
polynomials of degree < n?

Q.2. How close can one approximate ¢* on [—1, 1] by rational functions
of the form P,(x)/Q.(x) where the coefficients of Q,, are > 0?

Q.3. How close can one approximate e* on [—1, 1] by general rational
functions of the form P,,(x)/0,(x)?

In this note we answer these questions.
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22 NEWMAN AND REDDY

Set

Ee) = inf l|e* = Pl

Eon(@) = jof e® = Py, sy

EXe) = inf l|€" — rllpy s
where m, denotes the class of all real polynomials of degree at most n and
% denotes the class of all rational functions of the form P,(x)/Q,(x),
Q.(x) having nonnegative coefficients only.

Recently one of us [6] proved

THEOREM A. There is a rational function of the form P,(x)|0.(x) for
which

o — P (x) (const)2—"~"(m!)(n!) )
0n) gy  m+mtm+n+ D
In this note we prove the following results:
THEOREM B. For every P,(x), Q.(x),
. Pm(x) S 2—2n—2m-—4e—(2n+m+3) /2(m4n42) 2
T s B 2@ ¥ w2 @
TueorReM C. For every P, (x) (n = 2),
. _ 4—e
e — [Pl ™ gy = G 3

THEOREM D. Given P,, Q, , the latter having nonnegative coefficients
only, we have
P(x) 1

© 70,6 e Z T F DA @

Remarks. The method used to prove Theorem B is a refinement of that
used in [5]. Unfortunately, this method does not work to prove Theorems C
and D.

We need four lemmas.

LemMmA 1 [4, p. 78]. Let a real function f(x) be (n + 1) times continuously
differentiable in [—1, 1]. Then there exists a number £, —1 < & < 1, such that

_ LS @)
B = et
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Notice that the above stated result of S. N. Bernstein follows from
Lemma 1.

LeMMA 2 [7, p. 68]. If max,c,<, | Po(x)| < 1, then for x < a and x > b,

Pl <| 7. (2222,

e

where

2T,,(x) == (x -+ (x2 _ 1)1/2)n + (x — (x2 — 1)1/2)7,.

LemMMA 3. Let A4 denote the difference operator with increment 1. Then
Am((4 + 1) Q) = (4 + 1)* (4 + 1) 4 + 4™+ O(x).
Proof. 1t is well known [3, p. 97, (10)] that
A4 + 17 () = Y. () 4°0(x) Am—E¥(4 + 1, *
1=0

where E =1+ 4.
A little computation based on (*) and the fact that

arf ) = 5 (= 1m+ (7) fxe+ B

k=0

gives the result.

LemMMA 4 [3, p. 13]. If f(x) is a polynomial of degree at most n, then

0+ 2776 = 3 =1 (V1Y) .

=

Proof of Theorem B. 'We prove here for convenience that for each 4 > 0,
and with o =m + n -+ 2,

- Pm(JC) Am+n+22—2n—2m—4
]l (A + 1) Qn(x) Logeaa > (3 _I_ 2(2)1/2)n (A + 1)n+1+u . (5)
Set
_ e _ Pn(x)
e =]+ -5 |[Lw[_m] : ©

Normalize Q,(x) so that

Max | O(x)| = 1. @)
[, 0}
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Then by Lemma 2,
Max | Q)| < (3 + 22y
From (6) and (8),
(4 + 1) @n(x) — P00y < €8 + 222,

Set R(x) = Q. (x)}{4 + 1)* — P,(x). Then by Lemma 3,

A"‘“R(x) } (m + 1) (_1)m+1~i R(x 4+ i)

= AT + 1) 0(x) — Pu()]
= 40, (A + 1]
= A+ D* (A + 1) 4+ A Q,(x).

From (10) we get, for —a < x <n+ 1,

A+ 1) 4+ A Q] < (A + D-2m41 (3 + 22 )

Set
S(x) = (4 + D4 + ™+ Qu(x).

Then, for —a < x < 0, by Lemma 4 and (11),
| Qa0 < (A + DA + 4™ S(x)

< |(1 4 LD AT g )|

<am (Y (m T3 (e

=0 :

n+l .
< QM3 4 2212y gm—n-2(4 L ])nHitaQntl Z (m —ll~ l)

i=0
< €2m+ﬂ+2(3 + 2(21/2))nA~—m—n—2 (A + 1)n+1+a2m+n+2.
Hence, at a point x € [—a, 0], we get from (12) and (7),
€ > Amint2 2—2n—2m—4(3 + 2(2)1/2)—n ( A + 1)—n—1—u'

(5) follows from (13), and Theorem B follows from (5), by choosing

(A+ 1) =exp (m)

®

©®)

(10)

(11)

(12)

(13)
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COROLLARY. For any P,(x), Q.(x),

(b — a)m+n+2e(a+b)/2(m+n+2)

o _ Pulx)
e N = 8m+n+2(3 + 2(21/2))ne(b—a)(n+1+a)/2(m+n+2) .

e

Proof. From (5),

Lofa,b]

Am+n+22—2n—2m—4

_ £ S 5
“ (A + 1)71 Q(y) Lopam = (3 + 2(21/2))"(A + 1)n+1+., . ( )
Set
2x —a—>b
y =D )
so that ye [—a, o] — x € [a, b].
From (5’) and (*),
satb—a)=t —Pi(‘x;) (A + 1)((a+b)/(a—-b))Am+n+22——2'n—2m—4 Kk
“ (A + 1)2 (o-a) Q(X) “me‘b] = (3 - 2(21/2))n(A + 1)n+1+a . ( )
Now choose
4+ D = e (7 =9

then the result follows from (**).

Proof of Theorem C. For a P,(x) and [—1, 1], set

e =e — ?%5” (19)

Then on [—1, 1],
| Pu) — e | < ez | Pyl < 1L (15)

Also, on [—1, 1],
El@|>ew—e>%—e. (16)

From Theorem A, we have for the case i1 =0, and all n > 2,

€< a7

Hf—
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From (16) and (17),

1 1 1 4—e¢
lP,,(x)|>E_Z_ de °
ie.,
Max | P(x)| <-2¢— (18)
[-Li] T T e
From (15) and (18),
4
| Pu(x) — e | < g - - (19)
By Lemma 1 and (19),
4ee? i 1
T—e” Ede™) 2 e2"(n + 1!’ (20)
From (20) we have the required result.
Proof of Theorem D. Set
Py(x)
d = et — = . 21
¢ Qu(x) jLw[_m] @
As before, on [—1, 1],
| e"0(x) — Po(x)| <38 ), &, (22)
k=0

where Q,(x) = Y5, axx® > 0 on [—1, 1], and a; > 0. Set
o0 A o
f(x) = e*Qu(x) = Z bpx* =3 4 Z ArTi(x),
k=0 2 ©=0

where A4, denote the Fourier-Chebychev coefficients. Since all b, are > 0,
we have [1, p. 116],

1 3 4 5
An+1 = ﬁ [bn+1 + E;_—z— bn+3 + ‘(Bi‘zz—g;—i—-—)‘ bn+5 + ] (23)

Further, it is known [1, p. 111] that
Ef(f(0) = (A1 + Anyp + Ahys + )27 (24)

Hence,

E(f(x) >4 25)
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From (22), (23), and (25), we have

n A"
Y a2 160 — Pulli ., >k - (26)

k=0

A simple calculation gives

a 1 id
bn+1 = m+ l + 57 ( 1)' + - ta, = (n‘i" 1)' (}é{)ak) (27)

Hence, from (26), (27), and (23),

< Ania k=0 G
z= ay = 21/2 = 2n(2)1/2(n + 1)| H (28)

ie.,
> 1
7 2n(n + DI2R)

Remarks on Theorems A-D. By Bernstein’s result, we have
11930{(" + D! E (e¥)}/m = 271, 29)

From Theorem A, with m = 0,

const. - 2"

Eo,n(‘—’x) < (n 4+ 1)" . (30)
From Theorem C,
. 4—e
Epn(e®) = proTrE e (31
From (30) and (31),
lim{(n + D! E, (e} = % (32)
From Theorem D,
1
En(e®) > m . (33)
On the other hand, by Lemma 1,
* e
E.(e”) < A (34)
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Hence by (33) and (34) we have

}gg{(n + 1) Ef(em)t/n = 2714, (35)
Thus, from (29), (32), and (35),

lim{(n + 1)! E(en}/" = lim{(n + 1)! Eg (e
(36)
= lim{(n + D! E(e?)} = 27,

(36) shows that for ¢%, E, , E, ., and E} are of the same order. Does this
holds more generally ? We shall show that this phenomenon fails for e* — ¢!
and for 2.

From the above results it is clear that for e® — e~ the formulas for E,
and E} are the same as in (36). It can also be shown easily {2, p. 391] that
e® — e~! can be approximated uniformly by reciprocals of polynomials
of degree n as close as we wish. But E, (¢ — e™) is not known. We prove
here the following

THEOREM E. Every P.(x) (n = 3) satisfies

1 1
B > oy 3
e —e P, HL.,,H,” 2872 ©n
Proof. Set
1
8 == x ol o . 38
e — e e N (3%)
Then we have over the interval [n~2 — 1, 1], from (38),
1 1 | ‘
— € . —_— >—1—2_ .
‘P(x)|>e e R e L s At (39)
Case (i). 1f 1fen® — 8 < 0, then
1
3= - (40)
Case (ii). 1If 1/en? — 8 > 0, then from (39),
ent
(ﬂlf_/{ilil) FP(x) < T= s - (41
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By applying Lemma 2 to (41), we obtain
25n?

| PO < Max | P)| < 7 ms - “2)
On the other hand, we get from (38)
1/6 < 1 P(O). (43)
From (42) and (43),
8 = 1/28n2. 44)

Equation (37) follows from (40) and (44).
Clearly E,(e®) = E,(e*), E,.(e® = E, (e®). But as we shall see,
E*(e~*) is much smaller.

THEOREM F. There is a rational function of degree n and of the form

Pyx)  [gr*(t—1—x)retdt

rx) = 0.0~ [prt+ 1+ x)retar’ (45)
JSor which we have, for alln > 2,
e — er()lzyi-1.1 <(—2‘;’,—),. (46)

Proof. It is easy to check that for —1 < x <1,

[r(x) — e | =

f:,ot”(t — x — Dre~tdt — f:’t”(t 4+ 1 4 x)re-tt+e+l) gy |
©t™(t 4 1 + x)re~t dt

fot™(t — x — Dretdt — [Pip (t — x — Drtnet dt
' Jer(t+ 1+ x)re~t dt | @7

A1 —oretdr| I
o fEer(t+ 1+ x)retdr| A

By observing the known fact that
2
e+ 1 —n <L

we get for all xe [—1,1]

n<| " etdr. (48)

(]
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On the other hand, we have for —1 < x < 1,
L= " fene-t dt — (2m). (49)
0

Equation (46) follows from (47), (48), and (49).

OPEN PROBLEMS

Q.1. Is it possible to approximate e on [—1, 1] by polynomials of degree
n having nonnegative coefficients only with an error better than the one
obtained by Y;_o x*/k! 2

Q.2. How close can one approximate ¢* on [—1, 1] by monotone poly-
nomials of degree < n?

Q.3. How close can one approximate e® on [—1, 1] by the ratio of two
monoton polynomials of degree < n?
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